Using the Shephard’s Lemma to obtain Demand Functions

Dr. Kumar Aniket
29 May 2013

Hicksian Demand Function and Shepard’s Lemma.

Minimise expenditure subject to a constant utility level:
min [p o +py -yl st u(zy) =

Hicksian demand function is the compensated demand function
that keeps utility level constant and thus only measures the sub-
stitution effect. It is the solution to the following problem where
the expenditure p, - z + p, - y is minimised subject to a particular

utility level .

L= [pa-x+py-y] + Nii— u(z,y)]

The solution to the above problem is the following Hicksian De-

mand function

mh = .’L'h(ﬂ’pm,py)
y" =" (i, 2, py)

We can use these Hicksian Demand function to construct the ex-

penditure function.

E=p, 2" +p,-y"

substituting the Hicksian demand function from above

_ B ho/— ho/—
E(U, pz, py) = Po - " (U Py Py) + Py - Y (U, Pz, py)
minimum expenditure required to produce utility .

Shephard’s Lemma is an easy way to get Hicksian Demand function from expenditure

function:
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You have remember that this is actually more complicated than it

looks above because it should be written as

(‘)E(TL,p:zn py) — P

. = (u,pxapy)
é)E(ﬁ,pJ::pJ/) — P

apy Y (u,,])m py)

It is useful to think about how we derive the Shephard’s Lemma

especially because it is an excellent application of the envelope

theorem.
h h — h ,h
= = pa” + pyy +>\[U—U(w 'Y )]
z=ah, y=yh
h h
= DPzT" + DyyY
= E(aa pxa py)
This is because if t—u(z", yh) = 0. Since =" and 3" are the solution
to the problem, this would obviously imply that @ — u(z", y") = 0.
This trick is known as the envelope theorem where a part of the
problem disappears when it is evaluated at the solution.
0. . OF
- = e
6p$ x:xh,y:yh ap.l‘
0. . OF
0 A
Py lg=gh y=yh Py

Obtaining the Demand Functions from Cost Functions.

Minimise cost subject to a level of production:

min [r - k4 w - [ st.  fki)=yg

)

L=[rk+w ] +A[g— fk,1)]

the solution to the above is the following demand functions for k

and [.

k' = K (5, w,r)
h = kh(g,w,r)

This gives us the following cost function.

C(g,rw)=r-k"+w- "

We can obtain the demand functions from the cost function by just

differentiating the cost function ¢(y,r, w)
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Remember that the Langrangian evaluated at the solution, i.e.,
k = k" and | = 1", gives you the cost function. This is because
g— f(k",1") = 0. The cost function gives you the most inexpensive

way of producing the output y.

Differentiating the cost function is just an easy way to get the

demand function.

Example: 2009, Question 11.

Suppose that a firm has two different plants. The cost functions for these two plants are

1_
Cl('LU,T,y) = §y(w+'r)
CQ(’LU,T,y) = 2?}\/11)7“

where y is output, w is the cost of labour | and r is the cost of capital k.

Cost function 1:

1
Cl(’lU,T,g) = §(U)+T>
8C1_17_ h
or — U=k
861 _ 1 — h
w2771

The above expressions just give us the demand for capital and
labour. Since w and r taken as a given value, it implies that the
supply for capital and labour is elastic at these factor prices. With
an elastic supply, capital and labour are demand determined and

give us the following:

k= h"
="

This gives us the following:
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This implies that k& and [ are complementary and the output is
constrained by whichever factor is scarce. The technology or the

production function is given by

1 = min [2]@, ZZ}
Cost function 2:

co(w, my) = 2yvwr

Jdcy
T g ==k =k
ar Y r
801 = ]- o lh —l
Er it i
w w
T
this can be written down as
w_ k_y
rooy

which gives us the following technology or the production function.

g =kl

(a) Write down the corresponding technologies.

Technology associated with cost function 1:
Y = min {2]{:, 24
Technology associated with cost function 2:
y=Vkl

(b) How much labour and capital does a cost-minimising firm need to produce one
unit in each plant?

To produce 1 unit of y using technology 1, you need k = % and [ = %
To produce 1 unit of y using technology 2 is given, the firm need to use
capital and labour to ensure that vk = % holds. For example, if the firm
uses k = %, it needs to use [ = 2.

(c) Will a cost minimising firm shut down one plant.
From the cost functions above, we know the cost of producing y units of
output in the two plants. The firm will shut down whichever plant is more

costly.
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The firm will shut down plant 1 if the following condition holds.
C1 (’LU, T, g) > (’IU, T, gj)

y(w+r)>2yJwr
1 1
oS4
7T Ve

The firm will shut down firm 2 if the inequality is the other way around.

N |
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